Simple modules for the restricted Witt superalgebra W (m, n, 1) are considered. Conditions are provided for the restricted and nonrestricted Kac modules to be simple.
Introduction
Let F be an algebraically closed field with characteristics p > 2. Let g = g 0 ⊕ g 1 be a Lie superalgebra over F. g is called restricted if g0 is a restricted Lie algebra and if g1 is a restricted g0-module (see [11] ). The p-mapping [p] : g0 → g 0 is also called the p-mapping of the Lie superalgebra g.
Let g be a restricted Lie superalgebra and M = M0 ⊕M1 be a simple g-module.
By [19] , there is a unique χ ∈ g * 0 such that (x p − x [p] − χ p (x) · 1)M = 0 for all x ∈ g0.
A g-module M is called having a p-character χ ∈ g * 0 provided that
Then each simple g-module M has a p-character χ. M is called a restricted g-module if χ = 0, and a nonrestricted g-module if χ = 0.
Cartan type Lie superalgebras W (n), S(n), H(n), K(n) over the complex number field C were introduced by Kac [5] . Then Serganova has determined the simplicity of the Kac modules for W (n), S(n), H(n) [9] , and also computed their character formulas. Recently, the relative support variety of W (n) was defined and determined by [1] . * 0 , define the χ-reduced enveloping algebra of g by u(g, χ) = U(g)/I χ , where I χ is the Z 2 -graded two-sided ideal of U(g) generated by elements {x p − x [p] − χ(x) p 1|x ∈ g 0 }. When χ = 0, u(g) =: u(g, 0) is called the restricted universal enveloping algebra of g. Similar to the Lie algebra case, each g-module with character χ is a u(g, χ)-module and vise versa.
Let (g, [p] ) be a restricted Lie superalgebra. Suppose that e 1 , . . . , e m and f 1 , . . . , f n are ordered bases of g 0 and g 1 respectively. Then u(g, χ) has the following F-basis [19] : {f We now define the restricted Witt superalgebra W (m, n, 1) [10] . Let m, n be two nonnegative integers, and let a, b ∈ Z m . We write a For n ≥ 0, let I denote the sequence i 1 , . . . , i s , where 1 ≤ i 1 < i 2 < · · · < i s ≤ n. Let I be the set of all such sequences including the empty one. For each I ∈ I, we let |I| denote the length of I.
Let Λ(n) denote the exterior algebra with generators ξ 1 , ξ 2 , . . . , ξ n . For I = i 1 , . . . , i s , we denote the product ξ i 1 . . . ξ is ∈ Λ(n) by ξ I . Then Λ(n) is Z 2 -graded with Λ(n)0 = ξ I ||I| is even Λ(n)1 = ξ I ||I| is odd .
We denote Λ(m, n) = A(m, 1) ⊗ Λ(n). Then Λ(m, n) is a superalgebra with the Z 2 -gradation given by [10] :
We denote the element f ⊗ g ∈ Λ(m, n) simply by f g, f ∈ A(m, 1), g ∈ Λ(n).
Define the linear map D i , i = 1, . . . , n and d j , j = 1, . . . , m on Λ(m, n) by:
where |i < I| is the number of indices in I that are smaller than i. Thus, we have
It is easy to see that
Let x, y ∈ L(m, n) be homogeneous. A short calculation shows that
i.e., W is Lie sub-superalgebra of Der( L(m, n)). For each D ∈ W0 ⊆ Der( L(m, n))0, a short calculation shows that D p ∈ W0, so that W is a restricted Lie superalgebra with the p-map the pth power map. By [10] , W = Der( L(m, n)) and W is a simple Lie superalgebra referred to as the Witt type Lie superalgebra.
Then we have
In case m = 0, W = W (n) [5] . If n = 0, then W = W (m, 1) is the restricted Lie algebra of Witt type [14, 15, 16] .
By definition, W has a basis
Next we introduce a new gradation for W = W (m, n, 1). For each a ∈ A(m, 1),
Then we get W = 
Then it is easy to see that
3 Restricted simple g-modules
. In this section we study the restricted W -modules. Denote
Then by the lemma above, we have
) M be the induced module, referred to as the restricted Kac module. The main purpose in this section is to determine when K(M) is simple.
The cartan subalgebra of W is that of W [0] having basis
We denote the dual basis in H * :
W has a root space decomposition W = H + ⊕ α∈∆ W α with respect to H. We denote the set of roots for the homogeneous component
Note that x a ξ I d j is a root vector with root
while x a ξ I D j is a root vector with root
Definition 3.2. Let g = g0 ⊕ g1 be a Lie superalgebra and V = V0 ⊕ V1 be a gmodule. Let B = h + n + be a Borel subalgebra of g, where n + is the nilradical and h is a maximal torus with a basis h 1 , . . . , h n . If there is a nonzero vector v ∈ V0 ∪ V1 such that
then v is called a maximal vector(with respect to B) of weight (λ 1 , . . . , λ n ).
Let g = n − + h + n + be a restricted Lie superalgebra. Take the Borel subalgebra B = h + n + . Assume h has basis h i , i = 1, . . . , s with h
has a unique maximal vector of weight l.
Then gf is nilpotent, so we get v = 0, a contradiction. Then we must have f = c + f ′ , where 0 = c ∈ F and
The argument above applies, one gets v ′ = cv.
Let M = M0 + M1 be a restricted W -module. Let v ∈ M0 ∩ M1 be a maximal vector with respect to some Borel subalgebra B = H + N, where H is the maximal torus given earlier.
Assume
Define the subset of L L a =:
atypical, otherwise typical. Note that if n = 0, the atypical weights are exactly the exceptional weights for the restricted Witt type Lie algebra W (m, 1) [14, 6] ; while in the case m = 0, the atypical weights are analogous to those in the complex field case [9] .
has a triangular decomposition:
, where
Then W has Borel subalgebras
We now define a sequence of root reflections r ǫm ,. . . , r ǫ 1 , r ηn , . . . , r η 1 .
Firstly we define
Then it is easy to see that W = N 
Then it is easy to check that
k is a triangular decomposition and hence B k is a Borel subalgebra.
Recall [5, 9] 
The reflection r ηn is defined by removing the root space
and adding W −ηn = FD n . We denote the resulting Borel subalgebra r ηn (B 1 ) by B ′ n . For each 1 ≤ r < n, r η i is defined by removing
By the definition of B i and B ′ j , i = 1, . . . , m, j = 1, . . . , n, one can easily get
We denote B m+1 =: B max and B ′ n+1 =: B 1 .
Corollary 3.5. With the same condition as in the lemma above, we have
Note that
and
Clearly we have
(l) be a maximal vector(with respect to B i+1 ) of weight l. By the corollary above, it suffices to show that d
we get a = 0, so that l = 0, a contradiction. It follows that d
This completes the proof.
Proof.
Then the corollary follows from induction.
for some 0 < r < p − 1. 
, from the proof of Proposition 3.6, one gets
Let v ∈ L Bmax (l) be the unique maximal vector with respect to the Borel subalgebra B i+1 . Then a similar argument as above applied, one gets d
for some 0 < r < p − 1.
(2) Let l = aη t +· · ·+η n + m i=1 (p−1)ǫ i for some 1 ≤ t ≤ n, a ∈ F p \{0}. Using 3.5 and 3.6, we have
be the maximal vector with respect to the Borel subalgebra B ′ t+1 of weight aη t . Then D t v, if nonzero, is the maximal vector with respect to the Borel subalgebra B ′ t . Since aη t (h ηt ) = 0, we get for any x ∈ W ηt that
For any x ∈ W α ∩ B ′ t+1 , α = η t , by definition of B ′ t , we have α = η t + η j − η i for some i < j < t. Then we get
The last equality is given by the fact that L 0] )-module. By Lemma 3.3, M is generated by the unique maximal vector v ∈ M0 of weight l. We denote M = M(l) and let
be the induced module, referred to as the Kac module. As a vector space,
It is easy to see that K(l) contains a unique simple u( 
The category of u(W ) − T -modules
For each superalgebra(resp. Lie superalgebra) A, we denote Aut(A) = {f |f is an automorphism of A, f (Aī) = Aī, i = 0, 1}. Each f ∈ Aut(A) is called an even automorphism of A. Inspired by [2, 3] , we introduce the u(W ) − T -module category in this section.
Let
Aut
We define two types gradation on the super commutative algebra L(m, n) as follows:
Then we get L(m, n) = ⊕
can be extended to an element of Aut( L(m, n)) which preserves both types of gradations. We denote it also by φ. Now we define Φ ∈ Aut(W ) by Φ(x) = φxφ −1 , x ∈ W . Then it is easy to see that Φ(
, for all x ∈ W0. Let θ(φ) = Φ. Then θ defines a group homomorphism :
Proposition 3.11. θ is a monomorphism.
This implies that φ 1 = Id. Similarly we get φ 2 = Id, so that φ = Id. This completes the proof.
Each φ ∈ Aut( L(m, n)) is uniquely determined by its action on ξ 1 , . . . , ξ n , x 1 , . . . , x m .
Then we see that
is a maximal torus of the algebraic group Aut( L(m, n), which is isomorphic to
Clearly Lie(T ) = H. Let X(T ) be the character group of T . For each t ∈ T , we denote L i (t) = t i , i = 1, . . . , m + n. Then we get
For t ∈ T and h ∈ H, we have
Therefore the action of T on W coincide with that of H. From the definition of the p-map it is easy to check that Adt(
is also a T -module, where I is the two-sided ideal of U(W ) generated by elements {x p − x [p] |x ∈ W0}. Next we define the Jantzen's u(g) − Tmodule category.
Definition 3.12. [2, 3] Let g be a restricted Lie superalgebra with a maximal torus
Assume T is a diagonalizable subgroup of Aut res (g) with Lie(T ) = H. A finite dimensional super space V = V0 + V1 is called a u(g) − T -module, if V is u(g)-module and each Vī, i = 1, 2 is a T -module and satisfies:
(1) The action of H coming from g and from T coincide;
Applying similar arguments as that in [2] , one gets that the kernel and cokernel of a homomorphism of u(g) − T -modules are also u(g) − T -modules.
Let g = W and T be the torus given earlier. We denote by M the category of 
It follows that l(T ) − l ′ (T ) ≤ n + m(p − 1). The equality holds if and only if l is typical.
The simplicity of the Kac-module
3, M is generated by the unique maximal vector of weight l. We denote M by V (l). Recall the Kac module K(l) =: Proof. If l is typical, then we have l
. . , m, where ω m = 0. The weights ω 0 , . . . , ω m are called exceptional weights [14, 6] .
is simple if and only if l is not exceptional.
Let m = 0. Then W (m, n, 1) = W (n) is the restricted Lie superalgebra given in [5, 9] . Then we get an analogues conclusion as that in [9] in modular case. Proof. Let M = M0 + M1 be a simple u(g)-module. Let v ∈ M be a maximal vector(with respect to B max ). It is no loss of generality to assume v ∈ M0. Then
Bmax (µ) if and only if l = µ for any l, µ ∈ L. This completes the proof.
Nonrestricted simple modules
In this section we study the simple u(W, χ)-modules with χ = 0.
Induced modules of type I
Recall
∩ Wj, j = 0, 1. Then we have
We extend the character χ ∈ W * 0 to W * by letting χ(W1) = 0. Then we define the height of χ by ht(χ) = min{i|χ(W 
then we say that χ is nonsingular. 
be a maximal vector, where each m I,a ∈ M is homogeneous. Applying a similar argument as that for [7, Th. 2.4] , one gets v = I D I ⊗ m I,0 . Then by applying
Secondly we consider the case χ(N
Then the proof of Theorem 3.13 implies that K χ (M) 1 is simple. Similarly one gets that
Induced modules of type II
In this section we study the induced nonrestricted W -modules with respect to a different gradation.
Recall the Z-grading of W given in Section 2:
is an ideal of W 0 . From Section 2, we have W Then we see that χ is inducible. 
